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1.1. Nonlocal elasticity
Nonlocal elasticity is based on an integral form of the stress–
strain constitutive equations. In nonlocal elasticity, the stress at a
point is expressed via a weighted average of the overall strain ﬁeld
(Polizzotto, 2001). Eringen (1972, 1974) postulated the constitu-
tive equations of a nonlocal and linear elastic continuum in the fol-
lowing form:
rijðxÞ ¼
Z
V
r^ijðx0Það x x0j jÞdV ; ð1Þ
where x and x0 represent two positions within a body having vol-
ume V; rij are the nonlocal stresses, while r^ij represents the stress
tensor for a classical (i.e. local) Hookean solid. In Eringen’s integral
constitutive Eq. (1), the weight function að x x0j jÞ is denoted as
‘‘kernel’’. Kernel functions have a dimension of length3, and there-
fore characteristic length scales can be directly associated with non-
local continua. Kernels must satisfy some fundamental properties
(Eringen, 1974); many alternative and legitimate choices for the
selection of kernels do exist, each one leading to a different nonlocal
theory. Nonetheless, nonlocal elasticity reverts to the classical the-
ory when a Dirac’s delta function is chosen as kernel.
Let us assume that the elastic ﬁelds are slowly varying with re-
spect to the aforementioned length scales. Eringen (1974, 2002))demonstrated that the integral operator that appears in Eq. (1)
can be replaced by an equivalent differential operator. In this case,
the nonlocal constitutive equations become:
1 ‘2r2 þ c4r4
 
rij ¼ r^ij; ð2Þ
where ‘ and c represent nonlocal length scales, while r^ij is again the
Hookean stress tensor from classical (i.e. local) elasticity. The non-
local length scales ‘ and c can be identiﬁed by matching experimen-
tal dispersion curves for wave propagation in solids (Eringen, 1972).
As an alternative, let us consider the case in which r^ij ¼ rij,
where rij is the stress tensor that satisﬁes the equilibrium equa-
tions of classical elasticity. In this case, the nonlocal stresses can
be obtained via integrating the nonlocal differential constitutive
equations (Eringen, 2002). We shall focus on this alternative
throughout this paper. However, this alternative approach requires
the introduction of appropriate boundary conditions for the non-
local stresses.
Eringen also considered a simpliﬁed form of Eq. (2), obtained by
setting c ¼ 0. This condition leads to the following set of nonlocal
constitutive equations (Eringen, 2002, p. 100):
1 ‘2r2
 
rij ¼ rij: ð3Þ
It is worth observing that the nonlocal stress rij is the ‘‘true’’ stress
that must be determined by satisfying both the equilibrium and the
constitutive equations that govern nonlocal elasticity. Clearly, the
classical r and the nonlocal stresses r are respectively associated
with two different continuummodels, so they cannot coexist within
the same elastic body. However, since both classical and nonlocal
stresses appear in the constitutive equations Eq. (3), we shall
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out the paper. It has to be kept in mind that the classical stress is
given, while the nonlocal ﬁeld has to be determined.
The kernel associated with the constitutive equations Eq. (3) for
plane and anti-plane problems is (Eringen, 2002):
að x x0j jÞ ¼ 1
2p‘2
K0
x x0j j
‘
 
; ð4Þ
where K0 is a modiﬁed Bessel function of the second kind and order
zero. Eringen also demonstrated that the kernel in Eq. (4) is the
Green’s function of the differential operator 1 ‘2r2
 
(Eringen,
2002, p. 105). Eq. (3) was applied to derive the nonlocal stress ﬁeld
for a mode I Grifﬁth crack (Ari and Eringen, 1983; Eringen et al.,
1977) and for describing the interaction between a dislocation
and a crack in anti-plane shear (Eringen, 1983). The procedure fol-
lowed by Eringen was based on substituting the local stress ﬁeld
from linear elastic fracture mechanics (LEFM) into the right hand
side of Eq. (3). He assumed that, when dealing with crack problems,
the same boundary conditions were applicable to both local and
nonlocal elasticity. Wang (1992) proposed an approximated meth-
od for computing the crack-tip stresses that simpliﬁed the calcula-
tions based on Eringen’s theory. Yang (2009) extended Eringen’s
solution to a mode I Grifﬁth crack in an orthotropic material. Erin-
gen also considered the case of a line crack subjected respectively to
plane shear (Eringen, 1978) and anti-plane shear (Eringen, 1979).
However, in this cases he employed a different kernel from the
one shown in Eq. (4). Zhou et al. (1999) addressed also the nonlocal
anti-plane shear problem proposing a solution scheme based on
Schmidt’s method.
The key result obtained from nonlocal elasticity is that the
stress ﬁeld at the crack tip is ﬁnite. This is true for all the cases
listed above. Moreover, the nonlocal stresses attain a ﬁnite maxi-
mum value at a characteristic distance ahead of the crack tip. Erin-
gen (2002, p. 136) estimated such distance to be 0.5‘ for a mode I
Grifﬁth crack in an isotropic material. The stress intensity factors
(SIFs) deﬁned in linear elastic fracture mechanics (LEFM) corre-
spond to ﬁnite stress concentrations in nonlocal elasticity. There-
fore, fracture can be predicted employing only stress-based
criteria (Eringen, 2002, pp. 137–141).Fig. 1. Qualitative distribution of crack-tip stresses from Ref. Eringen (2002),
Fannjiang et al. (2002), Gao and Chiu (1992), Kim and Paulino (2004), Mindlin
(1965), Paulino et al. (2003), Polizzotto (2001), Prabhu and Lambros (2002), Ru and
Aifantis (1993), Sih et al. (1965), Sun and Jin (2012), Suo (1990), Wang (1992),
Williams (1952), Yang (2009), Zhang et al. (1998) and Zhou et al. (1999). LEFM
(black dashed line) and nonlocal elasticity (continuous red line) trends; crack tip
position at x ¼ 0, i.e. point B. A is the maximum stress point. C is the cut-off point
for the traction on the crack edges. (For interpretation of the references to colour in
this ﬁgure caption, the reader is referred to the web version of this article.)1.2. Stress-gradient versus strain-gradient theories
A different class of nonlocal theories arise when the stress is
considered to be a function of the strain gradients at a point. These
gradient elasticity models are considered to be ‘‘weakly nonlocal’’
(Polizzotto, 2001) in relation to the ‘‘strongly nonlocal’’ theories
based on the integral constitutive Eq. (1). Strain gradient elasticity
originated from the Cosserats’ ‘‘ﬁrst-gradient’’ micro-polar contin-
uum model (Cosserat and Cosserat, 1909; Fannjiang et al., 2002).
Second-order strain gradient theories were introduced by Mindlin
(1965) and Casal (1972), in order to represent surface effects on the
potential energy of the elastic continuum. Casal’s approach (Casal,
1972) is based on considering two characteristic length scales in
the strain gradient constitutive equations, which describe size
and scale effects associated with material micro-structures (Pauli-
no et al., 2003). In weakly nonlocal elasticity the strain singularity
at crack tips is suppressed (Altan and Aifantis, 1992; Ru and Aifan-
tis, 1993), but the stress singularity is retained. Both Zhang et al.
(1998) and Fannjiang et al. (2002) found stress singularities of or-
der r3=2 for mode III cracks in second order strain-gradient elastic-
ity. A similar behaviour of the stress singularity was also observed
for mode III cracks in functionally graded materials (Paulino et al.,
2003; Chan et al., 2008). It is also possible to envisage more general
nonlocal theories (Aifantis, 2003), where the integral nonlocal
stresses in Eq. (1) depend on the strain tensor and its gradients,thus coupling ‘‘weakly’’ and ‘‘strongly’’ nonlocal continuum
mechanics. In principle, this may lead to the suppression of both
stress and strain singularities at crack tips.
1.3. The boundary conditions conundrum
All the results discussed in Section 1.2 were obtained assuming
that the LEFM boundary conditions for the crack problem were
directly applicable within the framework of ‘‘strongly’’ nonlocal
elasticity. In Refs. Ari and Eringen (1983), Eringen et al. (1977),
Eringen (1978, 1979, 2002), Wang (1992) and Zhou et al. (1999),
the crack edges were loaded with constant tractions and the far-
ﬁeld stresses were set to zero. This is equivalent to consider zero
edge tractions with far-ﬁeld stresses opposite to those acting on
the loaded cracks. We will refer to the latter case throughout this
paper, without any loss of generality.
Atkinson (1980a,b) criticised Eringen’s approach to study cracks
by means of nonlocal elasticity. He demonstrated that Eringen’s re-
sults were based on non-uniform approximations due to the LEFM
boundary conditions adopted. He pointed out that the solution of
the nonlocal crack problem as expressed by Eringen may not exist
because nonlocal stresses are inﬂuenced by the diffusive nature of
the Laplacian operator that appears in the constitutive relations in
Eq. (3). The latter require that the stress ﬁeld be C2 in the solution
domain for a non-singular solution to exist. Therefore, in nonlocal
elasticity, it is not possible to postulate that the stress ﬁeld jumps
from zero to some ﬁnite value just across the crack tip. On the con-
trary, if ﬁnite stresses exist at the crack tip, then tractions must be
present on the crack edges. These tractions are due to ‘‘ﬁnite-
range’’ elastic interactions, whose characteristic length scale is
the nonlocal distance ‘ that appears in Eqs. (3) and (4).
Cheng (1991) assumed that the crack edge tractions were zero
only in the limit ‘ ! 0. This was done to overcome the difﬁculties
associated with the boundary conditions posited in Eringen’s ap-
proach to crack-tip problems (Ari and Eringen, 1983; Eringen
et al., 1977; Eringen, 1978, 1979; Wang, 1992; Zhou et al., 1999).
However, Cheng’s results also gave a nonlocal stress ﬁeld with
non-zero tractions on the crack edges.
In order to provide a visual insight about the issues discussed
above, let us consider a crack whose tip is located at x ¼ 0
(Fig. 1). The qualitative trends of the crack-tip stress obtained from
LEFM and nonlocal elasticity are presented in the same ﬁgure. Let
us assume that the stress component r is associated with the trac-
tion vector on the crack edges, independently from the actual crack
Fig. 2. Reference frames, crack geometry and associated stress components; x3 axis
normal to the plane of the drawing.
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with a singularity at the crack tip. According to LEFM, the crack
edges are unloaded. On the other hand, all the nonlocal solutions
in open literature (Ari and Eringen, 1983; Eringen et al., 1977; Erin-
gen, 1978, 1979, 2002; Wang, 1992; Zhou et al., 1999) show the
characteristic trend represented by the red continuous line in
Fig. 1. Thus, from the previous references, it is possible to observe
that stress-gradient theories predict the presence of a ﬁnite stress
at the crack tip (point B). As previously mentioned, the theoretical
peak stress occurs ahead of the crack tip (point A). Most impor-
tantly, according to stress-gradient theories, non-zero tractions ex-
ist on the crack edges, i.e. behind the crack tip. This is in stark
contradiction with the boundary condition that prescribes trac-
tion-free crack edges and with the equivalent assumption that
tractions have to be constant behind the crack tip if the crack is
uniformly loaded, as postulated in Ari and Eringen (1983), Eringen
et al. (1977) Eringen (1978, 1979, 2002), Wang (1992) and Zhou
et al., 1999. Non-zero tractions are due to the aforementioned ﬁ-
nite-range forces. These are exchanged between points ahead of
the crack tip and locations on the crack edges. The crack-edge trac-
tions decay with the distance from the tip. From a physical point of
view, it is possible to introduce a cut-off point (C in Fig. 1), where
the crack-edge traction is negligible with respect to its value at the
crack tip (B) and/or its maximum value (A). The position of the cut-
off point depends on ‘. However, if ﬁnite tractions exists at the
crack tip (i.e x ¼ 0), then enforcing a zero traction condition for
x < 0 makes no sense in nonlocal elasticity. The associated discon-
tinuity would be smoothed and diffused by the ﬁnite range inter-
actions that are described by the Eringen’s kernel in Eq. (4).
1.4. Paper overview
In this paper, we obtain a general solution for crack tip stress
ﬁelds in nonlocal orthotropic materials. The solution is valid for
plane stress, plain strain and anti-plane shear. The make clear
the demonstration of the validity of the solution proposed, in Sec-
tion 2.1 we recall the general expressions of the LEFM crack-tip
stress ﬁelds in orthotropic materials while in Section 2.2 we sum-
marise the equations governing Eringen’s nonlocal elasticity. We
demonstrate that when localisation residuals are neglected (as
proposed by Ari and Eringen (1983), Eringen (1972, 1974, 1978,
1979, 1983, 2002) and Eringen et al. (1977)), self-balanced trac-
tions on the crack edges (i.e. behind the crack tip) must be present.
For asymptotic crack-tip stresses, self-balanced tractions imply the
continuity of the stress tensor across the fracture surface. This
holds true for both isotropic and orthotropic nonlocal continua.
In Section 2.3, we integrate the nonlocal constitutive equations
using the Green’s function method. Then, in Section 2.4, we dem-
onstrate that the nonlocal crack-tip stress ﬁelds can be expressed
as domain convolutions of their LEFM counterparts. We also prove
that the normal derivative of the nonlocal stress tensor is continu-
ous across the crack.
In Section 4, we characterise the nonlocal asymptotic stresses
associated with symmetric loading (mode I) in orthotropic materi-
als. The mode I Grifﬁth crack problem is also discussed. We dem-
onstrate that our solution represents a generalisation of the
results originally obtained by Ari and Eringen (1983) for isotropic
materials. Moreover, the effect of the T-stress term on the radial
stress concentration occurring at the tip of a mode I Grifﬁth crack
is examined. The nonlocal stress ﬁeld for the skew-symmetric
loading (mode II) and anti-plane shear (mode III) cases are charac-
terised in Sections 5 and 6 respectively.
To the best knowledge of the authors, a general solution for the
Eringen’s crack model in orthotropic materials has not been
obtained yet. Moreover, this paper clariﬁes which boundary condi-
tions must be applied to the nonlocal stresses at the crack tip andwhy. Also, the role of T-stress in nonlocal elastic crack problems
has not been addressed before.
2. Crack tip problem in nonlocal elasticity
2.1. Problem statement
In order to derive the nonlocal stress ﬁelds at the crack tip in
orthotropic materials, we consider a discontinuity surface R cut-
ting through a three-dimensional inﬁnitely wide elastic body V.
The body can be either inﬁnitely thin or inﬁnitely deep. The former
case leads to a plane stress solution; the latter case implies either a
plane strain regime or an anti-plane shear problem. The solution
for the nonlocal stress ﬁelds obtained here is valid for all the three
cases, provided that the appropriate elastic constants are
employed, as explained later in this section.
Let ðx1; x2; x3Þ be a right-handed Cartesian reference frame,
whose origin is at the crack tip and whose axes are parallel to
the body principal orthotropy directions. The discontinuity surface
R lies in the ðx1; x3Þ plane (Fig. 2). Also, let ðr; h; x3Þ be a cylindrical
reference frame, whose origin is again ﬁxed at the crack tip; h is
considered positive in the anticlockwise direction.
Here we derive a ﬁrst order asymptotic expansion for the non-
local stresses rij at the crack tip from the LEFM solution available
in literature for cracks in orthotropic elastic bodies, which is sum-
marised in Appendix A. According to LEFM, the asymptotic stress
ﬁeld at the crack tip in an orthotropic material is given by Sih
et al. (1965):
rij r; hð Þ ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
XIII
m¼I
Km g
ðmÞ
ij ðh;jÞ; ð5Þ
where Km (m ¼ I; II; III) are the SIFs. In Eq. (5), the vector j contains
the nondimensional elastic coefﬁcients (Suo, 1990) of the orthotro-
pic material
j ¼ k;q;-½ ; ð6Þ
whose deﬁnitions are recalled in Appendix A. The gðmÞij ðh;jÞ func-
tions are also given in Appendix A. The semicolon in gðmÞij ðh;jÞ is
introduced to denote that the elastic coefﬁcients are assumed con-
stant, i.e. the material is homogeneous. Here it is sufﬁcient to state
that k and q fully characterise the plane stress and plane strain elas-
tic behaviour of orthotropic materials (Suo, 1990). The anti-plane
shear response of an orthotropic and linear elastic material is
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as detailed again in Appendix A. Note that the plane stress and plain
strain regimes affect the LEFM stress ﬁeld only via the orthotropic
elasticity parameters in j. The LEFM stress ﬁeld is independent
from x3 for all the crack modes. The LEFM asymptotic stress ﬁeld
in the neighbourhood of the crack tip given in Eq. (5) satisﬁes the
differential equilibrium equations:
r  r ¼ 0 8r 2 R3  R: ð7Þ
The constitutive equations of nonlocal linear elasticity Eq. (3) can be
rearranged in the following form:
r2rij  1
‘2
rij ¼  1
‘2
rij: ð8Þ
Substituting Eq. (5) into the nonlocal constitutive equations Eq. (8)
yields:
r2rij  1
‘2
rij ¼  1
‘2
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
XIII
m¼I
Km g
ðmÞ
ij ðh;jÞ: ð9Þ
Eq. (9) are inhomogeneous Helmholtz equations.
2.2. Equilibrium in nonlocal elastostatics
Employing vector notation, the integral equilibrium equations
for nonlocal elastostatics can be stated in the following form (Erin-
gen, 2002, pp. 19–20):Z
R3R
r  rdV þ
Z
R
r
h ih i
ndS ¼ 0; ð10Þ
where the operator . . .½ ½  denotes the jump of its argument across
the discountinuity surface R, whose orientation is represented by
the normal vector n. It must be observed that only the global bal-
ance law given in Eq. (10) does apply due to the nonlocal nature
of the body. The localisation of Eq. (10) would in general imply
the presence of nonlocal residuals in the corresponding differential
equilibrium equations (Eringen, 1972, 1974, 2002; Eringen et al.,
1977; Polizzotto, 2001). However, Eringen observed (Eringen,
2002, pp. 21–22) that the magnitude of the residuals is negligible
at the characteristic length scales usually associated with contin-
uum mechanics. In crystalline materials, residuals are signiﬁcant
only at length scales of the order of few atoms, where nonlocal
elasticity would in any case fail due to the presence of quantum ef-
fects. Therefore, Ari and Eringen (1983); Eringen (1972, 1974, 1978,
1979, 1983, 2002) and Eringen et al. (1977) developed his nonlocal
elasticity theory by dropping the residual terms from the localised
ﬁeld equations, and in this work we adopt the same approach. Un-
der the assumption that localisation residuals can be neglected, the
integral equilibrium equations Eq. (10) can be recast in the follow-
ing localised form:
r  r ¼ 0; 8r 2 R3  R;
r½ ½ n ¼ 0; 8r 2 R: ð11Þ
It is worth mentioning again that r in Eq. (11) represents the actual
stress in the nonlocal crack-tip problem. The nonlocal stress r is re-
lated to its LEFM counterpart r via the constitutive equations Eq.
(9). These relations are later exploited to derive the actual, i.e. non-
local, stress r starting from the LEFM r.
Assuming that the nonlocal length scale ‘ is a constant, Ari and
Eringen (1983) and Eringen (2002, pp. 103–105) also observed that
the following property holds for the constitutive equations Eq. (3):r  1 ‘2r2
 
r
h i
¼ 1 ‘2r2
 
r  r ¼ r  r;
8r 2 R3  R; ð12Þsince differential operators with constant coefﬁcients commute.
Therefore, Ari and Eringen (1983) and Eringen (2002, pp. 103–
105) concluded that the Navier equations of classical elasticity gov-
ern the displacement ﬁeld for nonlocal problems whose kernel is
associated with linear differential operators with constant coefﬁ-
cients. Consequently, the crack tip displacement ﬁeld is unaffected
by the nonlocal nature of the body, i.e. the singularity of the strains
at the crack tip is retained in nonlocal elasticity based on the con-
stitutive equations Eq. (3).
On the other hand, Eq. (12) implies that the condition of zero
divergence for the LEFM stresses, i.e. Eq. (7), is necessary but not
sufﬁcient for obtaining a nonlocal stress ﬁeld that satisﬁes the ﬁrst
of Eq. (11). In other words, the integration of the constitutive equa-
tions Eq. (9) does not directly lead to nonlocal stresses with zero
divergence. The latter condition must be imposed in order to ob-
tain the correct nonlocal asymptotic crack-tip stresses, as it will
be done in Section 2.4.
The LEFM crack-tip stress ﬁeld in Eq. (5) is associated with zero
tractions on the crack edges. As mentioned in Section 1.2, the trac-
tions on the crack edges are generally not zero in nonlocal elastic-
ity. In order to clarify this point, one needs to consider the second
of the nonlocal equilibrium equations for nonlocal elastostatics gi-
ven in Eq. (11). Let us denote with n the exterior normal to the
‘‘lower’’ edge R of the discontinuity surface R (Fig. 3). Similarly,
let nþ be the exterior normal to the ‘‘upper’’ edge Rþ of R. Both
R and Rþ are coincident with R, but they have been offset in
Fig. 3 for the sake of clarity. For the normals one has n ¼ n and
nþ ¼ n. Let r and rþ respectively be the nonlocal stress tensors
at the ‘‘lower’’ and ‘‘upper’’ crack edges. From the second of Eq. (11)
one ﬁnds:
r
h ih i
n ¼ rþ  r
 
n ¼ rþnþ  rn ¼  tþ þ tð Þ ¼ 0; 8r 2 R; ð13Þ
where t and tþ are respectively the traction vectors at the ‘‘lower’’
and ‘‘upper’’ crack edges. Therefore, the second of Eq. (11) implies
that tractions may exist on the crack edges, but they are locally
self-equilibrated on R. The normal to the crack line in Fig. 2 is
nT ¼ ½010, where the superscript ‘‘T’’ denotes the vector transpose.
Therefore the normals to the crack edges are n½ T ¼ ½010 and
nþ½ T ¼ ½0  10. The associated nonlocal traction vectors are:
tðrÞ½ T ¼  r12ðrÞ r22ðrÞ r23ðrÞ½ ; r 2 R: ð14Þ
Combining Eq. (14) with the second of Eq. (11), one can immedi-
ately observe that the nonlocal stress components r12;r22 and r23
must be continuous across the crack R. For mode II cracks in ortho-
tropic materials, r22 is the only non-zero component of the nonlocal
stress tensor. Similarly, for mode III cracks in orthotropic materials,
only r23 differs from zero. For mode I cracks in plane stress, there
exists a stress component r11 that does not contribute to the the
edge tractions on R. However, given the symmetry of the mode I
stress ﬁeld with respect to the crack R, also r11 must be continuousFig. 3. Tractions on the crack edges.
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stress component r33 in a mode I plane strain regime. Therefore,
for a general nonlocal mixed-mode crack in an orthotropic material,
the second of Eq. (11) implies the following:
r
h ih i
¼ 0; 8r 2 R: ð15Þ
Eq. (15) state the continuity of the nonlocal stress tensor across the
crack surface R.
In LEFM (Sih et al., 1965), the stress components in Eq. (5) and
their radial gradients decay to zero for r !1. We assume that the
same holds true for the nonlocal stress tensor associated with the
asymptotic crack-tip ﬁeld, i.e.
rij ¼ @rij
@n1
¼ 0; r!1; ð16Þ
where n1 is the exterior normal to the surface S1  R, which en-
closes the body for r!1.
2.3. Solution via the Green’s function method
The inhomogeneous Helmholtz equations Eq. (9) are now
solved using the Green’s function method with the boundary con-
ditions speciﬁed by Eqs. (15) and (16). Let us assume that the
Green’s function Gðr; r0Þ associated with the three-dimensional
inhomogeneous Helmoltz equation (9) is known, in which r and
r0 are position vectors in the cylindrical reference frame deﬁned
in Fig. 2. The Green’s function must satisfy the following
properties:
Gðr; r0Þ ¼ @Gðr; r
0Þ
@n1
¼ 0; r!1: ð17Þ
Let us consider the second Green’s identity applied to the nonlocal
stress tensor:Z
R3R
rijr2G Gr2rij
 
dV ¼
Z
S1R
rij
@G
@n
 G @rij
@n
 
dS
þ
Z
R
rij
   @G
@n
 G @rij
@n
	 
	 
 
dS;
ð18Þ
where G ¼ G r; r0ð Þ is the Green’s function from Eq. (23). The ﬁrst
integral in the right hand side of Eq. (18) is zero because of the
properties of the Green’s function (17) and the boundary conditions
(16). Moreover, Eq. (15) dictates that the nonlocal stress must be
continuous across the crack, and therefore Eq. (18) becomes:Z
R3R
rijr2G Gr2rij
 
dV ¼ 
Z
R
G
@rij
@n
	 
	 

dS: ð19Þ
Making use of Eq. (8), one obtains for the left hand side of Eq. (19):Z
R3R
rij rð Þr2G r; r0ð Þ  G r; r0ð Þr2rij rð Þ
h i
dV
¼
Z
R3R
rij rð Þ 1
‘2
G r; r0ð Þ  d r; r0ð Þ
	 

 G r; r
0ð Þ
‘2
rij rð Þ  rij rð Þ
  
dV
¼ rij r0ð Þ þ 1
‘2
Z
R3R
G r; r0ð Þrij rð ÞdV :
ð20Þ
Substituting Eq. (20) into Eq. (19) and taking advantage of the rec-
iprocity property of the Green’s function, the following general
expression for the nonlocal stress ﬁeld is obtained:
rijðrÞ ¼ 1
‘2
Z
R3R
Gðr0; rÞ rijðr0ÞdV 0 þ
Z
R
Gðr0; rÞ @rij
@n
	 
	 

r0
dS0: ð21ÞEq. (21) is valid for a general three-dimensional stress state. Consid-
ering now a plane stress regime and the crack arrangement in
Fig. (2), Eq. (21) can be recast as follows:
rijðrÞ ¼ 1
‘2
Z
R2lR
Gðr0; rÞ rijðr0Þr0dr0dh0 þ
Z 0
1
Gðix01; rÞ
@rij
@n
	 
	 

x01
dx01:
ð22Þ
where lR is the negative x1 semi-axis and i is the versor of the x1
axis. For the plane stress case, the crack tip problem becomes bi-
dimensional and the Green’s function associated with the inhomo-
geneous Helmholtz equations Eq. (8) is (Eringen, 2002, p. 105):
Gðr; r0Þ ¼ 1
2p
K0
r r0j j
‘
 
; ð23Þ
However, in plane strain and anti-plane shear regimes the nonlocal
stresses must be independent from x3, as it is true for their counter-
parts from LEFM. As a consequence, also the nonlocal kernel from
Eq. (4) must be independent from x3. The nonlocal stresses associ-
ated to plane strain and anti-plane shear are therefore independent
from x3. For the plane strain and anti-plane shear cases, one can
consequently write Eq. (19) as:
Z
R2R
rijr2G Gr2rij
 
dS
Z h
h
dx3 ¼ 
Z
lR
G
@rij
@n
	 
	 

dS
Z h
h
dx3;
ð24Þ
for h!1. Since the integrals in h cancel out, it follows that Eq. (22)
is valid also for plane strain and antiplane-shear problems in non-
local elasticity, and the associated Green’s function is still that given
in Eq. (23).
2.4. Continuity of the normal derivative of the stress tensor
The nonlocal stress ﬁeld given in Eq. (22) includes a domain
convolution of LEFM stresses plus the contribution of sources dis-
tributed over the discontinuity R. The intensity of this source dis-
tribution is unknown and it must be determined by applying a
further condition besides those given by Eqs. (15) and (16). This
is provided by the ﬁrst of Eq. (11). Let us introduce a nonlocal
stress ﬁeld rij, for which the following additional boundary condi-
tion holds
@rij
@n
	 
	 

r
¼ 0; 8r 2 R: ð25Þ
together with those in Eqs. (15) and (16). Therefore, by virtue of Eqs.
(23) and (22), the nonlocal stress ﬁeld rij is given by the domain
convolution of the LEFM stresses:
rijðrÞ ¼
1
2p‘2
Z
R2lR
K0
jr r0j
‘
 
rijðr0Þr0dr0dh0: ð26Þ
Similarly, let us introduce a nonlocal stress ﬁeld ~rij, deﬁned as
follows:
~rijðrÞ ¼ 12p
Z 0
1
K0
jr ix01j
‘
 
@~rij
@n
	 
	 

x01
dx01: ð27Þ
Both the ﬁelds rij and ~rij satisfy the boundary condition given in
Eqs. (15) and (16). As a consequence, the nonlocal ﬁeld given in
Eq. (22) is expressed via the superposition of rij and ~rij:
rijðrÞ ¼ rijðrÞ þ ~rijðrÞ: ð28Þ
Since the convolution operator is commutative, one can recast Eq.
(26) as follows:
rijðrÞ ¼
1
2p‘2
Z
R2lR
K0
jr0j
‘
 
rijðr r0Þr0dr0dh0: ð29Þ
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rium equations Eq. (11). In order to prove this point, let us take the
divergence of Eq. (29) with respect to the r coordinates:
r r  rðrÞ ¼ 1
2p‘2
r r 
Z
R2lR
K0
jr0j
‘
 
rðr r0Þr0dr0dh0
¼ 1
2p‘2
Z
R2lR
K0
jr0j
‘
 
r r  rðr r0Þr0dr0dh0 ¼ 0; 8r 2 R2  R:
ð30Þ
The last identity in Eq. (30) holds because, switching to Cartesian
coordinates for the sake of simplicity, one can write:
rx  rðx x0Þ ¼ ej @
@xj
 rðx x0Þ ¼ ej @
@ðxk  x0kÞ
@ðxk  x0kÞ
@xj

rðx x0Þ ¼ ejdjk @
@ðxk  x0kÞ
 rðx x0Þ
¼ ej @
@ðxj  x0jÞ
 rðx x0Þ ¼ rxx0  rðx x0Þ ¼ 0; ð31Þ
where ej is the versor of the jth coordinate axis, djk is the Kronecker
delta and we have taken advantage of Eq. (7).
However, if one considers the divergence of ~rijðrÞ, from Eq. (27)
follows:
r r  ~rðrÞ ¼ 12p
Z 0
1
@~r
@n
	 
	 

x01
r rK0 jr ix
0
1j
‘
 
dx01: ð32Þ
Eq. (32) implies that the condition r r  ~rðrÞ ¼ can be satisﬁed
8r 2 R2  R if and only if:
@~r
@n
	 
	 

x01
¼ @r
@n
	 
	 

x01
¼ 0; 8x01 2 R: ð33Þ
Therefore, the normal derivative of the nonlocal stress tensor must
be zero across the crack. If this condition, i.e. Eq. (33) is violated,
then the nonlocal asymptotic stress ﬁeld r cannot satisfy the equi-
librium condition stated in the ﬁrst of Eq. (11). Consequently, the
nonlocal crack-tip stress ﬁeld that simultaneously satisﬁes the con-
stitutive equations Eq. (9), the equilibrium equations Eq. (11) and
the boundary conditions in Eq. (16) is given by:
rijðrÞ ¼ 1
2p‘2
Z
R2lR
K0
jr r0j
‘
 
rijðr0Þr0dr0dh0: ð34Þ3. Nonlocal asymptotic crack-tip ﬁeld
3.1. General expression
Substituting the expressions of the LEFM stress ﬁeld from Eq.
(5) into Eq. (34) leads to the following:
rijðr; hÞ ¼ 1ﬃﬃﬃﬃﬃﬃﬃp‘p
XIII
m¼I
KmH
ðmÞ
ij
r
‘
; h;j
 
; ð35Þ
where:
HðmÞij
r
‘
; h;j
 
¼ 1
2p
ﬃﬃﬃ
2
p
Z 1
0
lim
!0
Z p
pþ
K0 n n0
  gðmÞij ðh0;jÞ

ﬃﬃﬃﬃ
n0
p
dn0dh0: ð36Þ
In Eq. (36), n ¼ r=‘ and n0 ¼ r0=‘ are normalised position vectors in
the polar reference frame shown in Fig. 2. From Eqs. (35) and
(36), one can derive the nonlocal stresses ahead of the crack tip.
These are given by:
rijðr;0Þ ¼ 1ﬃﬃﬃﬃﬃﬃﬃp‘p
XIII
m¼I
KmW
ðmÞ
ij
r
‘
;j
 
; ð37Þwhere
WðmÞij
r
‘
;j
 
¼¼ 1
2p
ﬃﬃﬃ
2
p
Z 1
0
lim
!0
Z p
pþ
K0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n2 þ n02  2nn0 cos h0
q 
gðmÞij ðh0;jÞ
ﬃﬃﬃﬃ
n0
p
dn0dh0: ð38Þ
We now evaluate the functions WðmÞij ðr=‘Þ for r ¼ 0. This leads to the
following equation:
WðmÞij ð0;jÞ ¼
1
2p
ﬃﬃﬃ
2
p GðmÞij ðjÞ
Z 1
0
K0 n
0ð Þ
ﬃﬃﬃﬃ
n0
p
dn0; ð39Þ
where GðmÞij are constants calculated via the integrals:
GðmÞij ðjÞ ¼ lim!0
Z p
pþ
gðmÞij ðh0;jÞdh0: ð40Þ
Note that GðmÞij <1, since the integrands in Eq. (40) are ﬁnite in the
domain ½p; p, as discussed in Appendix A. Moreover, by virtue of
Eq. (B.3), one obtains the following:
Z 1
0
K0 n
0ð Þ
ﬃﬃﬃﬃ
n0
p
dn0 ¼
ﬃﬃﬃ
2
p
2
C2
3
4
 
: ð41Þ
Substituting Eqs. (40) and (41) into Eq. (37) and evaluating the lat-
ter at r ¼ 0 yields the crack tip stresses:
rijð0;0Þ ¼ 1
4p
ﬃﬃﬃﬃﬃﬃﬃ
p‘
p C2 3
4
 XIII
m¼I
Km G
ðmÞ
ij ðjÞ
	 0:0674ﬃﬃﬃ
‘
p
XIII
m¼I
Km G
ðmÞ
ij ðjÞ: ð42Þ
Eq. (42) proves that the stresses attained at the crack tip are ﬁnite in
nonlocal and orthotropic elasticity. This represents an extension of
the results obtained from nonlocal isotropic elasticity (Ari and Erin-
gen, 1983; Eringen et al., 1977; Eringen, 1978, 1979, 2002; Wang,
1992; Zhou et al., 1999). The SIFs deﬁned in LEFM actually lead to
the presence of ﬁnite stress concentration factors in nonlocal elas-
ticity. From the SIFs deﬁnition (Sih et al., 1965), these stress concen-
trations must be proportional to the applied far ﬁeld stress and to
the square root of the crack length. It is also worth observing that
for ‘ ! 0, i.e. in the limit of classical elasticity, the crack-tip stresses
given by Eq. (42) become singular, as predicted by LEFM.
Proceeding in a similar fashion, the stresses behind the crack tip
can be derived as follows:
rijðr;pÞ ¼ 1ﬃﬃﬃﬃﬃﬃﬃp‘p
XIII
m¼I
Km!
ðmÞ
ij
r
‘
;j
 
; ð43Þ
where:
!ðmÞij
r
‘
;j
 
¼ 1
2p
ﬃﬃﬃ
2
p

Z 1
0
lim
!0
Z p
pþ
K0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n2 þ n02 þ 2nn0 cos h0
q 
gðmÞij ðh0;jÞ

ﬃﬃﬃﬃ
n0
p
dn0dh0:
ð44Þ
SinceWðmÞij ð0Þ ¼ !ðmÞij ð0Þ, it follows that the nonlocal stresses are also
continuous at the crack tip.
3.2. Additional remarks
The general expression of the nonlocal stress ﬁeld at the crack
tip Eq. (35) is valid within the region of ‘‘K-dominance’’. In LEFM,
the latter is deﬁned (Sun and Jin, 2012, p. 66), as the neighbour-
hood of the crack tip where the stresses given in Eq. (5) dominate
the other non-singular terms of the William’s expansion (Williams,
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crack mode considered and it also strongly affected by the material
orthotropy (Prabhu and Lambros, 2002).
Considering the LEFM stress ahead of the crack tip, the scale of
the region of K-dominance is typically in the order of 1=10a, where
a is the crack length. This implies that the expression of the non-
local crack-tip stress ﬁeld given in Eq. (37) is generally valid for
r < 1=10a.Fig. 4. Non-local hoop stress for a mode I crack with edge tractions allowed.
Fig. 5. Peak values of non-local hoop stress for a mode I crack with edge tractions
allowed.4. Symmetric loading – mode I
4.1. Asymptotic stress ﬁeld
From Eq. (37), the mode I radial and hoop stresses along a seg-
ment collinear with the crack are given by the following
expressions:
rijðxÞ ¼ KIﬃﬃﬃﬃﬃﬃﬃp‘p
WðIÞij
x
‘
; k;q
 
; x 
 0
!ðIÞij
jxj
‘
; k;q
 
; x < 0
8<
: ; i ¼ j ¼ 1;2: ð45Þ
where x is an abscissa parallel to the x1 axis and the crack tip is lo-
cated at x ¼ 0. The nonlocal shear stress component r12ðx;0Þ is zero,
as its LEFM counterpart. This is due to the fact that the arguments of
the integrals in Eqs. (38) and (44) are anti-symmetric with respect
to h for i ¼ 1; j ¼ 2 and m ¼ I. The integrals in Eqs. (38) and (44) are
computed via a mixed Gauss–Legendre/Gauss-Laguerre adaptive
quadrature scheme, with a ﬁxed relative error tolerance of 105.
This quadrature method is employed for all the examples presented
in this paper.
In Fig. 4, the nonlocal normalised hoop stress along the crack
line, i.e. r22
ﬃﬃﬃﬃﬃ
p‘
p
=KI , is plotted for various combinations of the
orthotropic stiffness coefﬁcients k and q. Note that this normalised
stress is equal toWðIÞ22. From Fig. 4, one can readily appreciate that a
normal traction exists on the crack edges. The normal traction goes
asymptotically to zero with the distance from the crack tip. The
length of the region where a normal traction exists is about 10 ‘.
As demonstrated in the previous section, the hoop stress at the
crack tip is ﬁnite. The peak hoop stress is not attained at the crack
tip, but at some ﬁnite distance from the fracture vertex. This
behaviour is consistent with the one found for cracks in nonlocal
isotropic materials (Ari and Eringen, 1983). However, in nonlocal
orthotropic elasticity, the magnitude of the peak hoop stress and
the associated location depend on the elastic coefﬁcients k and q.
The hoop stress concentration is reduced in materials that have
a larger Young’s modulus in the direction parallel to the crack than
along the normal to the fracture plane (k < 1) (Fig. 5). On the oppo-
site, if the material is stiffer along the direction normal to the crack
than in the fracture direction (k > 1), the stress concentration is in-
creased with respect to the isotropic case. The effect of the nondi-
mensional coefﬁcient q on the peak stress magnitude is smaller for
k > 1 than for k < 1. When the magnitude of the stress concentra-
tion increases, the location where the peak stress is attained moves
closer to crack tip. On the other hand, when the stress concentra-
tion is reduced, the peak stress location shifts farther from the
crack tip. A table of the normalised stresses attained at the crack
tip, the associated peak values and locations is presented in
Table 1.
The effect of the material orthotropy on the nonlocal radial
stress is presented in Fig. 6. The normalised stress component
r11
ﬃﬃﬃﬃﬃ
p‘
p
=KI (equal to W
ðmÞ
11 ) is considered. In terms of radial stress
distribution, k and q induce a signiﬁcantly larger variation of the
stress concentration with respect to the hoop stress results shown
in Figs. 4 and 5. The radial stress concentration increases almost
threefold when the material is stiffer in the direction parallel to
the crack line than along the normal to the fracture plane (k < 1).On the contrary, when the material is stiffer in the direction nor-
mal to the crack (k > 1), the radial stress concentration is more
than halved compared to the isotropic case. This is exactly the
opposite of what observed in hoop stresses, albeit the variations
of the latter are much smaller than those characterising the radial
stress. For k < 1, one can also observe that the stress concentration
affecting the radial stress exceeds the one associated with the hoop
stress. Moreover, in all the cases considered above, the location
where the maximum radial stress is attained differs from the one
related to the peak hoop stress. Table 2 gives the peak values of
the radial stresses and the normalised distances from the crack
tip where these are attained, as functions of k and q. The radial
stresses at the crack tip are also included in the same table.4.2. Mode I Grifﬁth crack
We consider an inﬁnite orthotropic plate weakened by a 2a long
crack, parallel to the x1 principal orthotropy direction. A far-ﬁeld
Table 1
Nonlocal hoop stress for a mode I crack in an orthotropic material; x^ denotes the
distance from the crack tip where the nonlocal peak stress is attained.
k q r22ð0Þ
ﬃﬃﬃﬃﬃ
p‘
p
=KI x^=‘ r22ðx^=‘Þ
ﬃﬃﬃﬃﬃ
p‘
p
=KI
1.0 1.0 0.5736 0.4500 0.6322
0.1 0.5 0.52131 0.5250 0.5731
0.1 1.0 0.5280 0.5000 0.5805
0.1 5.0 0.5533 0.4750 0.609
10.0 0.5 0.6004 0.4250 0.6626
10.0 1.0 0.6018 0.4250 0.6641
10.0 5.0 0.6074 0.4250 0.6703
Fig. 6. Non-local radial stress for a mode I crack.
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monly known as the mode I Grifﬁth crack in LEFM. The associated
SIF KI depends only on the crack length and the far-ﬁeld stress (Sih
et al., 1965):
KI ¼ r122
ﬃﬃﬃﬃﬃﬃ
pa
p
: ð46Þ
If one considers the second order terms in the LEFM asymptotic
expansion, the non-zero mode I stress components are:
r11 ¼ r122
ﬃﬃﬃﬃﬃ
a
2r
r
gðIÞ11ðh; k;qÞ þ T; ð47Þ
r22 ¼ r122
ﬃﬃﬃﬃﬃ
a
2r
r
gðIÞ22ðh; k;qÞ;
where T denotes the constant T-stress term (Kim and Paulino,
2004). For a far-ﬁeld tension normal to the crack line, the T-stress
in an inﬁnite orthotropic plate is given by Gao and Chiu (1992):Table 2
Nonlocal radial stress for a mode I crack in an orthotropic material; x^ denotes the
distance from the crack tip where the nonlocal peak stress is attained.
k q r11ð0Þ
ﬃﬃﬃﬃﬃ
p‘
p
=KI x^=‘ r11ðx^=‘Þ
ﬃﬃﬃﬃﬃ
p‘
p
=KI
1.0 1.0 0.3824 0.7000 0.4171
0.1 0.5 1.0117 0.9000 1.1001
0.1 1.0 0.9772 0.9250 1.0609
0.1 5.0 0.8370 0.9750 0.9025
10.0 0.5 0.1470 0.5500 0.1611
10.0 1.0 0.1431 0.5750 0.1567
10.0 5.0 0.1265 0.6250 0.1380T ¼ r122
1ﬃﬃﬃ
k
p : ð48Þ
Eq. (48) shows that the T from classical elasticity is compressive and
its magnitude is affected by the material orthotropy. The T-stress
also satisﬁes the boundary condition on the crack edges given in
Eq. (25). Therefore the nonlocal T-stress T can be evaluated from
its LEFM counterpart using Eq. (26). Making use of the Green func-
tion deﬁnition in Eq. (23) and the integral in Eq. (B.2), we obtain the
following general result:
T ¼ 1
‘2
Z
R2lc
Gðr0; rÞTr0dr0dh ¼ T
2p‘2
Z
R2lc
K0
r r0j j
‘
 
r0dr0dh
¼ T
‘2
Z 1
0
K0
r
‘
 
rdr ¼ T
Z 1
0
K0 nð Þndn ¼ T: ð49Þ
The identities in Eq. (49) prove that the T-stress in nonlocal elastic-
ity is equal to its LEFM counterpart. This result is actually valid for
any arbitrary constant stress ﬁeld, since the associated gradients are
zero.
Combining the mode I nonlocal stress ﬁeld given in Eq. (45)
with the SIF and T-stress expressions in Eqs. (46) and (48), one ob-
tains the following relations for x > 0 :
r11ðxÞ ¼ r122
ﬃﬃﬃ
a
‘
r
WðIÞ11
x
‘
; k;q
 
 1ﬃﬃﬃ
k
p
	 

; ð50Þ
r22ðxÞ ¼ r122
ﬃﬃﬃ
a
‘
r
WðIÞ22
x
‘
; k;q
 
:
We consider ﬁrst the isotropic material case, that implies k ¼ q ¼ 1.
From the second of Eq. (50) evaluated at the crack tip and the data
in Table 1, one ﬁnds:
r22ð0Þ ¼ r122
ﬃﬃﬃ
a
‘
r
WðIÞ22 0;1;1ð Þ 	 0:5736 r122
ﬃﬃﬃ
a
‘
r
: ð51Þ
Note that the factor 0:5736 is in good agreement with the 0:5745
reported for a nonlocal mode I Grifﬁth crack by Ari and Eringen
(1983). However, the integral that gives the hoop stress at the crack
tip is here evaluated in closed-form using Eq. (B.3).
The peak nonlocal hoop stress and the location x^ where the lat-
ter is attained must be computed by numerical integration. From
the results shown in Table 1, the peak stress occurs at x^ 	 0:45‘
for an isotropic material. The magnitude of the peak hoop stress
in this case is:
r22ðx^Þ ¼ r122
ﬃﬃﬃ
a
‘
r
WðIÞ22
x^
‘
;1;1
 
	 0:6322 r122
ﬃﬃﬃ
a
‘
r
	 1:1022r22ð0Þ:
ð52Þ
Ari and Eringen (1983) found that the peak nonlocal hoop stress
was 1:12 times the value attained at the crack tip. They also showed
that the maximum stress was located at a distance of 0:5‘. The peak
hoop stress obtained in the current work is 1:6% lower than the one
reported in Ref. Ari and Eringen (1983) and the location of the max-
imum is further shifted towards the crack tip by 0:05‘. These small
discrepancies are due to the different numerical quadrature
schemes used.
For the case of a mode I Grifﬁth crack in an orthotropic material,
Yang (2009) considered a Boron-epoxy unidirectional ﬁbre-rein-
forced composite with a crack collinear with the ﬁbre orientation.
A Gaussian kernel was selected for the analysis. The material
parameters were k ¼ 9:18 102 and q ¼ 4:84. Yang (2009) ob-
tained a crack-tip stress approximately given by
r22ð0Þ ¼ 0:5572 r122
ﬃﬃﬃﬃﬃﬃﬃ
a=‘
p
. On the other hand, the theory presented
here is based on considering the modiﬁed Bessel function of second
kind as kernel. Substituting the material data used by Yang (2009)
into the second of Eq. (50) yields r22ð0Þ ¼ 0:5511 r122
ﬃﬃﬃﬃﬃﬃﬃ
a=‘
p
. The
small (1%) discrepancy between the crack-tip stress values is
essentially due to the different kernels considered.
Fig. 7. Effect of the T-stress on the peak radial stress for a mode I Grifﬁth crack.
Fig. 8. Non-local shear stress for a mode II crack with edge tractions allowed.
Table 3
Nonlocal shear stress for a mode II crack in an orthotropic material; x^ denotes the
distance from the crack tip where the nonlocal peak stress is attained.
k q r12ð0Þ
ﬃﬃﬃﬃﬃ
p‘
p
=KII x^=‘ r12ðx^=‘Þ
ﬃﬃﬃﬃﬃ
p‘
p
=KII
1.0 1.0 0.3824 0.7000 0.4171
0.1 0.5 0.3199 0.9000 0.3479
0.1 1.0 0.3090 0.9250 0.3355
0.1 5.0 0.2647 0.9750 0.2854
10.0 0.5 0.4649 0.5500 0.5095
10.0 1.0 0.4525 0.5750 0.4956
10.0 5.0 0.4000 0.6250 0.4362
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mode I Grifﬁth crack given by the ﬁrst of Eq. (50). One can imme-
diately observe that the T-stress associated with far-ﬁeld tension
reduces the stress concentration on r11(x,0). However, the location
of the peak radial stress is unaffected by the T-stress, and it de-
pends only on the material elastic properties. The peak stress loca-
tions are therefore those shown in Table 2, even when the T-stress
is accounted for. The radial stress concentrations associated with
nonlocal peak radial stresses for mode I Grifﬁth cracks, including
the T-stress term, are shown in Fig. 7. For each k, the value of q pro-
viding the largest peak radial stress has been considered. For cracks
shorter than 4 to 8 times the nonlocal characteristic distance ‘, the
peak radial stress is compressive. For longer cracks, the radial
stress become tensile and it increases with the crack length. The
radial stress strongly depends on the material orthotropy. For
k < 1 the magnitude of the peak compressive stress increases for
short cracks. On the other hand, for cracks whose length exceeds
8‘, the smaller the k, the larger the radial tensile stress.5. Skew-symmetric loading – mode II
In mode II, only the r12 shear stress component is present along
the direction collinear with the crack. This is due to the fact that
the functions gII11ðh; k;qÞ and gðIIÞ22 ðh; k;qÞ from Appendix A are anti-
symmetric with respect to h. Therefore from Eq. (37) one has:
r12ðxÞ ¼ KIIﬃﬃﬃﬃﬃﬃﬃp‘p
WðIIÞ12
x
‘
; k;q
 
; x 
 0
!ðIIÞ12
jxj
‘
; k;q
 
; x < 0
8<
: : ð53Þ
The normalised nonlocal shear stress is presented in Fig. 8. The
shear stress at the geometric crack tip r12ð0Þ
ﬃﬃﬃﬃﬃ
p‘
p
=KII is ﬁnite and
its peak value is attained ahead of the fracture vertex. Fig. 8 also
shows that the shear stress decays progressively behind the crack
tip, becoming negligible at distances above 20 ‘. This fact implies
the existence of a traction collinear with the crack axis behind the
crack tip. For isotropic materials, the crack-tip shear stress ﬁeld in
mode II is also identical to the radial stress distribution of mode I
because gðIÞ11ðh;1;1Þ ¼ gðIIÞ12 ðh;1;1Þ and, consequently, WðIÞ11 x‘ ;1;1
  ¼
WðIIÞ12
x
‘
;1;1
 
; 8x.
The nonlocal shear stress distribution is also strongly affected
by the material orthotropic properties. Table 3 reports the shear
stresses at the crack tip and its peak values as functions of thenormalised elastic coefﬁcients k in q. The peak value locations
are also included in the same table.
For a line crack subjected to pure shear in an isotropic material,
Eringen (1978) reported a peak stress near the crack tip:
r12ðx^Þ ¼ 0:4243r112
ﬃﬃﬃﬃﬃﬃﬃ
a=‘
p
. Eringen’s result was obtained using a
Guassian kernel. On the other hand, as shown in Table 3, the theory
presented here yields: r12ðx^Þ ¼ 0:4171r112
ﬃﬃﬃﬃﬃﬃﬃ
a=‘
p
. The discrepancy in
the results is less than 2% and it must be ascribed to the different
kernels employed to study the problem.
When the material is stiffer along the direction normal to the
crack, i.e. k > 1, the mode II stress concentration is increased. On
the other hand, for k < 1, the peak shear is reduced with respect
to the isotropic material case. This trend is similar to the one iden-
tiﬁed in the mode I hoop stress, but opposite to that characterising
the mode I radial stress. For a given k, the shear stress concentra-
tion increases when q < 1 and it decreases if q > 1. This particular
behaviour has to be expected, since the material in-plane shear
stiffness increases when the normalised coefﬁcient q decreases.
As observed for mode I cracks, the higher the peak shear stress con-
centration, the farther the location of the maximum value from the
crack tip.
6. Anti-plane shear – mode III
The nonlocal anti-plane shear stress along a direction collinear
with the crack is derived from Eq. (37):
r23ðxÞ ¼ KIIIﬃﬃﬃﬃﬃﬃﬃp‘p
WðIIIÞ23
x
‘
;-
 
; x 
 0
!ðIIIÞ23
jxj
‘
;-
 
; x < 0
8<
: : ð54Þ
Fig. 9. Non-local shear stress for a mode III crack with edge tractions allowed.
Table 4
Nonlocal shear stress for a mode III crack in a orthotropic material; x^ denotes the
distance from the crack tip where the nonlocal peak stress is attained.
- r23ð0Þ
ﬃﬃﬃﬃﬃ
p‘
p
=KIII x^=‘ r23ðx^=‘Þ
ﬃﬃﬃﬃﬃ
p‘
p
=KIII
1. 0.4780 0.5250 0.5238
0.1 0.5637 0.4500 0.6207
0.5 0.5091 0.5000 0.5589
2.0 0.4431 0.5500 0.4844
5.0 0.3931 0.6000 0.4280
10.0 0.3540 0.6500 0.3841
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because the function g13ðh;-Þ is anti-symmetric with respect to h.
The anti-plane shear stress plots are presented in Fig. 9. Also in this
case, the shear stress is ﬁnite at the crack tip. Its peak value is at-
tained at a ﬁnite distance from the fracture vertex. Fig. 9 also high-
lights the presence of a non-zero traction on the crack edges for
x=‘ <20 ‘.
The values of the anti-plane nonlocal shear stress at the crack
tip are presented in Table 4. This also includes the magnitudes
and locations of the shear stress peak. As already observed for
the mode I and mode II cases, the peak stress location moves far-
ther from the crack tip when the stress concentration increases.
The case of a line crack subjected to antiplane shear in an isotro-
pic nonlocal continuum was studied both by Eringen (1979) and
Zhang et al. (1998), using a Gaussian kernel. The resulting peak
stress in the neighbourhood of crack tip was found to be
r23ðx^Þ ¼ 0:5416r123
ﬃﬃﬃﬃﬃﬃﬃ
a=‘
p
. For the same case, the present theory
yields r23ðx^Þ ¼ 0:5238r123
ﬃﬃﬃﬃﬃﬃﬃ
a=‘
p
, as reported in Table 4. The discrep-
ancy between the stress concentrations is about 3%, and it is once
more justiﬁed by the different kernels adopted in the analyses.
An orthotropic material with - < 1 experiences an increase of
the nonlocal stress concentration with respect to the isotropic case.
On the contrary, the nonlocal shear stress in the neighbourhood of
the crack tip decreases for - > 1. This is because - is inversely
proportional to the material shear stiffness G23, as detailed in A.7. Conclusions
The Green’s function method has been applied to derive the
crack-tip stress ﬁelds in nonlocal orthotropic elastic bodies withinthe framework of Eringen’s nonlocal elasticity. The modiﬁed Bessel
function of the second kind has been considered as nonlocal kernel.
The general solution provided is valid for plane stress, plane strain
and anti-plane shear. The nonlocal stress ﬁeld is obtained in the
form of a domain convolution of LEFM stresses by means of the se-
lected nonlocal kernel. The nonlocal stress ﬁeld and its normal
derivative are continuous across the crack in mode I, II and III,
implying the presence of self-equilibrated tractions on the crack
edges, i.e. behind the crack tip.
For all the fracture modes, the nonlocal asymptotic stresses are
ﬁnite. The LEFM stress intensity factors are therefore demonstrated
to correspond to bounded stress concentrations in nonlocal ortho-
tropic elasticity. For the special case of Grifﬁth cracks, the values of
the stress concentrations obtained from the present theory are in
good agreement with results already published in the literature
for both isotropic and orthotropic materials.
The effect of the material orthotropy on the nonlocal stress ﬁeld
in the neighbourhood of the crack tip has been investigated. The
orthotropic elastic constants inﬂuence the magnitude of the stres-
ses at the crack tip, as well as the traction distributions on the
crack edges. The orthotropic material properties also affect the
peak stress concentrations and the associated locations ahead of
the crack tip. For the particular case of a mode I Grifﬁth crack,
the compressive T-stress term dominates the nonlocal stress ﬁeld
for cracks shorter than four times the nonlocal length scale.Appendix A. Linear elastic fracture mechanics for orthotropic
materials
The ﬁrst order terms in the asymptotic expansion of the stress
ﬁelds in the neighbourhood of a crack tip in an orthotropic material
are given by the following expressions (Sih et al., 1965):
rijðr; hÞ ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
XIII
m¼I
Km g
ðmÞ
ij ðh;jÞ; ðA:1Þ
where Km are the SIFs and i; j ¼ 1;2;3; r and h are the polar coordi-
nates already deﬁned in Fig. 2. The functions gðmÞij ðh;jÞ depend on
the mechanical properties of the orthotropic material, as it will be
recalled later.
A.1. Mechanical properties for plane stress and plane strain
For an orthotropic material, the plane stress compliance coefﬁ-
cients are deﬁned as:
s11 ¼ 1E1 ; s12 ¼ 
m12
E1
; s22 ¼ 1E2 ; s66 ¼
1
G12
; ðA:2Þ
where E1 and E2 are the in-plane Young’s moduli along the principal
orthotropy directions 1 and 2 respectively. G12 is the in-plane shear
modulus and m12 the Poisson’s ratio. The elastic response of the
material in plane stress and plane strain is fully characterised by
two nondimensional parameters (Suo, 1990). For the plane stress
case these are:
k ¼ s11
s22
; q ¼ 2s12 þ s66
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s11s22
p : ðA:3Þ
For the plane strain case, the deﬁnition of k and q still holds, but the
following modiﬁed compliance coefﬁcients have to be considered:
s0ij ¼ sij 
si3sj3
s33
; ðA:4Þ
for i; j ¼ 1;2 with
si3 ¼  mi3E3 ; s33 ¼
1
E33
; ðA:5Þ
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tion x3; m13 is the Poisson’s ratio relating the normal strains along
the principal orthotropy directions x1 and x3.
A.2. Mode I and mode II cracks (Sih et al., 1965)
Let the following complex coefﬁcients and related functions be
deﬁned as:
l1 ¼
jﬃﬃﬃ
k4
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q2  1
pq
; l2 ¼
jﬃﬃﬃ
k4
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q2  1
pq
; ðA:6Þ
N1 ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos hþ l1 sin h
p ; N2 ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos hþ l2 sin h
p : ðA:7Þ
The relations Eqs. (A.6) and (A.7) are valid for both plane stress and
plain strain. The mode I (symmetric loading) functions appearing in
the stress ﬁeld deﬁnitions Eqs. (A.6) and (A.7)are given by:
gðIÞ11ðh; k;qÞ ¼ Re
l1l2
l1  l2
l2N2  l1N1
 	 

;
gðIÞ22ðh; k;qÞ ¼ Re
1
l1  l2
l1N2  l2N1
 	 

;
gðIÞ12ðh; k;qÞ ¼ Re
l1l2
l1  l2
N1  N2ð Þ
	 

;
ðA:8Þ
and
gðIÞ13ðh; k;qÞ ¼ gðIÞ23ðh; k;qÞ ¼ gðIÞ33ðh; k;qÞ ¼ 0: ðA:9Þ
Similarly, the mode II (skew-symmetric loading) functions are:
gðIIÞ11 ðh; k;qÞ ¼ Re
1
l1  l2
l22N2  l21N1
 	 

;
gðIIÞ22 ðh; k;qÞ ¼ Re
1
l1  l2
N2  N1ð Þ
	 

;
gðIIÞ12 ðh; k;qÞ ¼ Re
1
l1  l2
l1N1  l2N2
 	 

:
ðA:10Þ
In this case the gðIIÞi3 functions are:
gðIIÞ13 ðh; k;qÞ ¼ gðIIÞ23 ðh; k;qÞ ¼ gðIIÞ33 ðh; k;qÞ ¼ 0: ðA:11Þ
In Eqs. (A.8)–(A.10), the dependence of Ni from the angle h and the
material constants k and q has been omitted for the sake of brevity.
A.3. Mode III cracks (Sih et al., 1965)
For the mode III problem (anti-plane shear), the nondimen-
sional orthotropic elasticity parameter is:
- ¼ G13
G23
; ðA:12Þ
where G13 and G23 are the out-of-plane shear stiffness moduli in the
principal orthotropy directions. Out-of-plane properties are referred
to the direction normal to the ðx1; x2Þ plane in Fig. 2. Let us
deﬁne:
l3 ¼ j
ﬃﬃﬃﬃ
-
p
; ðA:13Þ
and
N3 ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos hþ l3 sin h
p : ðA:14Þ
The functions appearing in Eq. (A.1) for mode III are now given by:
gIII13ðh;-Þ ¼ Re l3N3
 
; ðA:15Þ
gIII23ðh;-Þ ¼ Re N3½ ;where
gðIIIÞ11 ðh;-Þ ¼ gðIIIÞ12 ðh;-Þ ¼ gðIIÞ22 ðh;-Þ ¼ gðIIÞ33 ðh;-Þ ¼ 0: ðA:16Þ
For the sake of brevity, in Eq. (A.15) the dependency from the angle
h and the nondimensional mechanical parameters - has been
omitted.
A.4. Additional remarks
The more compact notation gðmÞij ðh;jÞ can be adopted to summa-
rise the deﬁnitions from Eqs. (A.8)–(A.15), where j ¼ k;q;-½ .
The functions NiðhÞ i ¼ 1; 2; 3 appearing in Eqs. (A.7) and (A.14)
include denominators in the form
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos hþ li sin h
p
i ¼ 1; 2; 3.
From Eqs. (A.6) and (A.13), one can observe that the li coefﬁcients
for orthotropic materials are imaginary. This implies that the
denominators will never be zero for h 2 ½p;p. As a consequence,
the gðmÞij ðh;jÞ functions in Eqs. (A.8), (A.10) and (A.15) will always
be ﬁnite. This implies that the constants GðmÞij ðjÞ deﬁned by the
integrals in Eq. (40) are also ﬁnite.
Appendix B. Improper integral of the Bessel function of second
kind
The following improper integral of the Bessel function of second
kind is given by Abramowitz and Stegun (1972):Z 1
0
nmKnðnÞdn ¼ 2m1C mþ nþ 12
 
C
m nþ 1
2
 
;
Reðm nÞ > 1: ðB:1Þ
Two particular cases of the integral above are of interest here. For
m ¼ 1 and n ¼ 0 one ﬁnds that:Z 1
0
K0ðnÞndn ¼ 1: ðB:2Þ
For m ¼ 1=2 and n ¼ 0 one has:
Z 1
0
K0ðnÞ
ﬃﬃﬃ
n
p
dn ¼
ﬃﬃﬃ
2
p
2
C2
3
4
 
	 1:0618: ðB:3ÞReferences
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